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Fig. 1. Generic self-powered control system

modulation (PWM) switching. The tracking feedback con-
trollers for the drives are designed to provide sufficiently high
bandwidth such that |uy —u}| may be deemed negligible. The
command uj, is formulated via feedback controller K, which
accepts measured outputs y € R™ from the plant. Additional
plant outputs z € R™= are used to assess closed-loop system
performance. The power-electronic drives interface each of the
n, ports with a common power bus, called a DC link. An
energy-storage subsystem, depicted as capacitor Cj, is also
interfaced to the DC link through another power-electronic
converter. The power-electronic drives together with the DC
link comprise the switching network A labeled in Figure
1. This switching network enables bidirectional power flow
between the transducers and energy-storage subsystem. The
energy-storage subsystem is assumed to be non-ideal, in the
sense that it dissipates energy whenever it transmits power,
and because it exhibits leakage. These effects are represented
by resistances R, and R, respectively.

Regarding A\, we make three simplifying assumptions:

Assumption 1: N is lossless.

Assumption 2: N facilitates instantaneous tracking between
u and u*, assuming u* is feasible.

Assumption 3: The energy stored in the inductors and
capacitor in A is negligible.

Note that Assumption 1 does not require the actual power-
electronic circuitry to be lossless. This is because parasitic
losses in the switching circuits may be subsumed into resis-
tances f21,..., R,p, as well as R, and R,. Therefore, these
resistances can approximately account for the dissipation of
the power electronics, in addition to the actuators and energy
storage subsystem. However, it is presumed that the DC link
capacitor exhibits negligible leakage dissipation. The total
parasitic dissipation, denoted P, is thus

P;=u"Ru+ Ryu? + R%Uf (1)

where R £ diag {Rl, oy By, } The energy E; stored in the
capacitor Cj is

Es - lcsvg (2)

Under the above assumptions, it was shown in [19] that E;
evolves according to

2
2 1 1 2
4F, =- ( + ) E, + \/(E) -~ ZEP. (3)
Ts Tr Tr Tr

where

P. 2 uTv+uTRu 4)

is the power delivered to plant P and where we have de-
fined the time constants 7. = R,C, and 7, = R,C,. The
time constants 7, and 7, are directly related to the storage
subsystem’s efficiency. Specifically, a large 7. implies poor
efficiency of energy transmission to and from storage, and a
small 7, corresponds to significant leakage of stored energy.
Note that in order for E,(t) € Ry for all t € Ry, it must
be the case that the argument in the square root in (3) must
be positive, requiring that P, < iES.

Definition 1: Given {R, 7, 7.} and v € L}, define the set
Usp(v; R, 7, 7,) as the set of all u € L3, for which (3) has
a unique solution satisfying E(t) € Ry for all ¢ > 0, and
for all F,(0) € Rsg.

B. Self-powered synthetic admittances

Consider the case in which there are no supplemental out-
puts y, and the controller K constitutes a colocated mapping
v — u. We denote such a colocated controller as Y, i.e.,

u(t) = = (Yo) (1) (5)

where Y is called a synthetic admittance. If Y produces u €
Usp(v; R, 7s,7,-) for all v € L3, then Y is called a self-
powered synthetic admittance (SPSA).

Definition 2: Let Ysp(R, 75, 7,) be the set of all SPSAs.

Next, we briefly review sufficient conditions that guarantee
self-powered feasibility. Proofs of the theorems in this section
can be found in [19]. In Section V, we make use of these
sufficient conditions to design feasible feedback laws for our
prototype self-powered system.

We restrict our attention to linear, finite-dimensional SPSAs
which can be represented in state-space form as

v { day = Ay(ay + By(t
’ —u = Cy(t)l‘y + Dy(f)v
Theorem 1: Let Y have realization (6). Then for R >

0, 7s > 0, and 7. € (0,00), Y € Ygp(R,7s,7:), if there

exist a constant matrix P = PT ~ 0 and time-varying matrix

X (t) € R™™™ such that for all ¢t € R+,

(6)

ATL)P + PAy (t)+ 277" P+ X(t) + XT(t) <0 (7)
—X(t) - X"(t) PBy(t) Cy(t) —X7(t)
3R~ Dy(t)-3R™" BL(H)P
_lp-1 0
2
(sym) f%TflP
=0 ®)

Definition 3: Yq1(R,7s,7) is the set of all ¥ €
Ysp(R, 75, 7), for which the conditions in Theorem 1 hold.

In the case where Y is LTI we have the following corollary
to Theorem 1.
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Corollary 1: Let (6) be a realization for Y, with Ay, By,
Cy, and Dy constant. Then Y € Y;(R, 7, 75-) if there exist
time-invariant matrices P = P7 = 0 and X € R"*" such
that (7) and (8) hold.

We can equivalently formulate Y as the linear fractional
transformation (LFT) shown in Figure 2, where Z(t) is a time-
varying gain matrix and G is a linear, time-invariant, finite-
dimensional system with state-space realization

‘|

where zy = z¢ and the corresponding Y in (6) is related to
G and Z(t) as follows

Acxc + Bag
CGxG

d _
@wrtG =
’]’:

9

Ay (t) = Ag — BgZa2(t)Ca (10)
By(t) = — BaZ (1) (11)
Cy(t) = Z12(t)Cq (12)

y(t) = Z11(t) (13)

Theorem 2: For R = 0, 75 > 0, and 7. € (0,00),
Y € Ygp(R,7s,7) if it has an equivalent representation as
in Figure 2, in which system G is characterized by (9), and if
there exists a matrix P = P7 = 0 such that for all ¢t € Rx

Zt)+Z7(t) - 22T ()W Z(t) = 0 (14)
ALP+ PA; <0 (15)

Cg = BLP (16)

7.CLCq < P (17)

where W £ blockdiag{R, I} and Ag £ Ag + 7, '1.

III. PROTOTYPE SELF-POWERED SYSTEM

This section describes the physical design, construction,
and modeling of the prototype self-powered control system,
including identification of parasitic parameters {R, 7, 7 }.

A. Electromechanical transducer

The transducer consists of a Kollmorgen AKM?24C three-
phase PMSM, rated at 0.7 kW and 480 V, coupled to a
Kollmorgen EC2-series ballscrew actuator via a timing belt.
An internal resolver in the PMSM provides angular position
and velocity measurements. A simplified schematic of the
transducer is shown in Figure 3 and additional data is provided
in Table L.

o ip Qe

_ Resolver
01‘ é,»
Timing Transducer
Belt /
- f
] —©
h Tt Ty i

/ \
Lead screw Ny, bearings

Fig. 3. Permanent-magnet synchronous machine (PMSM) transducer with
internal components illustrated

1) Mechanical dynamic model: We assume that the linear-
to-rotational conversion has negligible backlash, and that the
timing belt is rigid, resulting in a proportional relationship
between the linear position x; and the PMSM’s mechan-
ical rotation angle 6,. The resultant relationship between
the respective linear and rotational velocities is ©; = 69},
where / is the effective screw lead length, which includes an
amplification factor due to belt drive ratio.

The total force f produced by the transducer is a result of
several interacting physical phenomena. The rotor has finite
rotary inertia J; > 0 and viscous damping B; > 0, which
contribute effective rectilinear inertia and damping terms to f.
Additionally, the rectilinear sliding between the ballscrew nut
and the guide results in Coulomb friction force f.. The elec-
tromechanical conversion of energy by the PMSM creates an
apparent rectilinear force fe,, at the ballscrew nut. The sliding
of the bearings between the screw and the nut results in an
approximately-static linear-to-rotational conversion efficiency

€ (0,1). In [23], [24] it was shown that these effects can be
approximately modeled as

B,

f= h(P) (fem - %it - pit) — fesgn (iﬁt) (18)

where p is the mechanical power delivered to the nut, i.e.,

Ji . B; .\ .
(fem - B xt) iy, (19)
and where h(-) and sgn(-) are
=7 :p>0
hp) € m1/nl :p=0 (20)
=1/n :p<O0
=1 sy >0
sgn (i) { € [-1,1] :d;=0 Q1)
=-1 Ty <0

The mechanical transducer model parameters in equation (18)
were identified using data from a series of characterization
experiments, during which the PMSM terminals were left
open-circuited. A detailed explanation of the identification
procedures can be found in chapter 7 of [25].



2) Electrical dynamic model: The electromechanical force
fem depends on the PMSM’s three-phase currents, which are
described by the differential equation

. 1 .
%Zabc = i3 (Vabe — Rtiabe + €abe) (22)

where iqpe 2 [iq ip ic]T is the vector of three-phase line-
to-neutral currents, Ugpe = [Van Vbn Ven)? is the vector of
three-phase line-to-neutral stator voltages, L is the line-to-
neutral winding inductance, R, is the line-to-neutral winding
resistance, and e is the vector of line-to-neutral back-EMF
voltages, found as

€an sin(6.) '
€abc £ epn | = |sin (06 - 2?‘”) Apare (23)
€en sin (05 + %’T)

where Apy; is the permanent-magnet flux linkage and 6, =

520, is the electrical rotor angle with N, being the number of
poles of the machine. A diagram of the three-phase electrical
model of the PMSM is shown in Figure 4. For the purposes
of analysis and control, it is useful to project the three-phrase
variables onto a reference frame that rotates with 6,. This
projection is accomplished using a power-invariant version of

the combined Clarke/Park transformation defined as

cos (f.) cos (0. — 2F) cos (A + &
P(6,) 4 2 —sin (f) —sin (. — Z*) —sin (6. + %)
2 2 2
(24)
with the corresponding inverse transformation
cos (6,) —sin(6,) i

2
P~1(0.) = \/; cos (9e — 2?“) —sin (96 — %’r) %

cos (96—1—2?“) —sin (He—i-%") %
(25)
Subsequently, we define vectors
i Vg
ingo = g | =P (0e) iabe » vigo = |V | = P (6e) vabe
i vh
(26)

where the subscripts dq0 refer to the direct-axis, quadrature-
axis, and zero components, respectively and the superscript r
signifies the rotor reference frame. It follows that the dynamics
of i3, obey the differential equation

PO (P70 ) = (o ~ Refig + P8
27
Expanding (27) and making the substitution 0. = %i’t, we
obtain the following system of coupled differential equations

. L/ o Np oo,
4 = 7 (vd — Ryily + 2£quxt) (28)

o 1 r - . .

%Zq = Z ('Uq — Rth - 227 (le + \/gAPM) xt) (29)
o1 .

44t = 7 (vg — Ryig) (30)

i |
i |
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Fig. 4. Three phase inverter circuit interfaced with permanent-magnet

synchronous machine (PMSM)

The three-phase windings are connected in an ungrounded wye
configuration. Applying Kirchoff’s current law to the neutral
node, we have that i = % (iq + b + i) = 0 Vt. Therefore,
it must be the case that vy = 0 V?.

It can be shown that the electromechanical force produced
by the transducer is

fem = kulT (31)
where we define
hy 2 )3 Re0en (32)

Thus by regulating quadrature-axis current 4; we can control
the electromechanical force imposed by the transducer on the
plant. Since the direct-axis current ¢}; has no effect on the
transducer’s mechanical dynamics, we control i, = 0 V¢,
in order to minimize resistive power losses. Following the
notation used throughout the previous sections, we let u £,
and define the colocated voltage to be v L Loy

3) Transducer power: With ¢}, = 0, the instantaneous
electrical power delivered to the transducer is

Pe =vldabe = Vlgoiuq = Vyig (33)
= (L4l + Ryip + kyiy) 1) (34)
= (L%u + Ryu + v) U 35)

Since the PMSM inductance L is small, and the current u
varies relatively slowly, it is reasonable to neglect the effect
of the first term in equation (35). This results in the following
approximate expression for P,

P. ~ Ruu® 4+ wv (36)

where positive P, implies conversion of electrical to mechan-
ical energy. Note that (36) is just the scalar version of (4).

B. Power-Electronic Drives

1) Three-phase inverter: A power-electronic drive called a
three-phase inverter (see Figure 4 for a simplified schematic) is
used to regulate the transducer currents. The drive is connected
to the DC link voltage, denoted v;;,k, and consists of three
half-bridge circuits, with the center node of each bridge con-
nected to a line of the PMSM. Each half bridge consists of two



Next, we assume each signal can be represented as some
constant, steady-state value superimposed with a small per-
turbation, i.e.,

dy =D; + d (48)
Viink =Viink + Vlink 49)
U =Up + 4y, (50)
Vout =Vout + Vout (51

Substituting the previous expressions into (47) and regrouping
terms we obtain

[(1 = D1) Vignk + UL (R + Ron) — Vout]

+ | (1 = D1) Vrink — dl%ink +ar (R + Ron)
+Lgar — 77074 + [Czl'ﬁlink} =0 (52

The first bracketed term of (52) contains only DC signals and
thus adds to zero, implying that the steady-state output voltage
is given by

Vout = (1 = D1) Vignk + UL (R + Ron)

If Ry, + Ron =~ 0, then we have Vs = (1 — D) Vijnk. The
third bracketed term of (52) is the product of two perturbation
signals, and thus is very small and can be neglected. As such,
we are left with the second bracketed term of (52), which
comprises the small-signal model of the converter

(33)

(1 = D1) Biink — d1Vignk + iz (RL + Ron)
+ L&ty — Tour =0 (54)
Taking the Laplace transform of (54) gives
aL(S) = Gud(s)dl (S) + Guvl(s){)link(s) + éuvZ(S)@out(s)

(55)
with
A Wink

w = 56
Guals) sL + Ry + Ron (0)

A 1-D;
Guv = 57
1(8) sL+ Rp + Ron (57)

N 1
Guv2<s> = (58)

_SL+RL+RON

Note that the gain of (',4(s) is dependent on the steady-state
DC link voltage. The system loop gain is given by

éloop,u(s) = éud(s)éu(s)ﬁ(s)

where du(s) = K,y + Kju/s is the PI controller transfer
function and ]3'(5) is the transfer function of the analog 4th-
order Butterworth low-pass filter. Using Gzoop,u(s) we design
PI gains K, and Kj;, to provide sufficient reference tracking
bandwidth, disturbance rejection properties, and gain/phase
margins for a range of Vj;,; operating points, noting that
as Vi;nr increases the effective closed-loop bandwidth also
increases. Using a similar small-signal analysis, it is straight-
forward to show that

(59)

r[}link(s) = évul(s)ﬁinv(s) + Gqu(s)ﬁL(s) (60)

Vink Pl |uf, Pl |di| Dc-DC
—4_»@4 Regulator frig ’Regulator Converter —»ui‘
Low-pass
Filter
Low-pass |,
Filter

Fig. 8. Block diagram of DC-DC power converter control architecture

where 1i;n, (s) denotes the Laplace transform of the perturbed
current signal drawn from the DC link capacitor to the three-
phase inverter and

N 1 N 1-D
Gvul(s) = sC. vuZ(S) = C !

We note that in the previous expressions it is assumed the
ESR of the DC link capacitor is negligible. In addition, the
gain of Gyu2(s) depends on the steady-state duty ratio Dy,
and if D1 = 1 then it is not possible to control v;,,. We can
again define the loop gain

(61)

Groopv(8) = Goua(8)Greu(s)Co(s)F(s)  (62)
where CA’U(S) = Kp, + K;,/s and
Crinls) = ZralCuls) (63)

a 1+ CA"Yloo;o,u(s)

is the closed-loop current reference tracking transfer function.
Using Gloow,(s) we design PI gains K, and K, to provide
sufficient reference tracking bandwidth, disturbance rejection
properties, and gain/phase margins for a range of {Vj;x, D1}
operating points. In addition, we ensure that there is adequate
timescale separation between the inner (current) and outer
(voltage) loops. With this preliminary design in hand, the
gains {Kp,, Ky, Kpy, K} were subsequently tuned based
on empirical data to further improve performance.

Lastly, the DC link reference voltage v}, . is determined
according to the following equation

*
Ulink = Max {207 Vout + /87

\/2 ((Nﬁ%.git)? + (Rir + ku;tt)2> + 5} (64)

where [ is a constant positive scalar. In our experimental
validation, we set § = 5. Thus, if vk = v}, it follows
that condition (45) is always satisfied and the converter output
voltage is always less than the DC link voltage (i.e., ensuring
D, < 1). The constant value of 20V in (64) was chosen to
ensure sufficient inductor current tracking bandwidth.

3) Analysis of losses in the power-electronic drives and
transducer: The three-phase inverter, DC-DC power converter,
and electromechanical transducer exhibit parasitic power loss.
These losses are due to a variety of interacting phenomena
including conductive (“I%2R”) losses, magnetic core losses, and
switching losses [27]. The transducer resistance, MOSFET on-
state resistance, and the inductor series resistance contribute




to the conductive losses. Magnetic losses are comprised of
both eddy current losses and hysteresis losses in the inductor
cores. Switching losses occur during switching transitions
when there is simultaneously significant voltage across and
current through a MOSFET. Gate charge losses, deadtime
losses, MOSFET body diode reverse recovery losses, and
MOSFET output capacitance losses also contribute to the total
parasitic loss [27].

Clearly, the loss model given in (1) does not explicitly
account for all of these parasitics. However, in this section we
identify a simple, low-order model of the power losses, based
on (1), using measured data. This model is later augmented
with the storage capacitor loss characteristics (see Section
III-C below), to obtain a comprehensive approximate loss
model.

To identify the model, the transducer, inverter, and converter
were connected and a DC power supply was used to simulate
the storage capacitor. The power supply voltage was varied
from 2-50V, and the DC-DC converter was controlled to
regulate the DC link voltage according to (64). During each
experiment, the transducer was held stationary and three differ-
ent transducer quadrature-axis current levels were evaluated:
u = 04, u = 0.612A4, and © = 0.866A. For each case, the
average dissipated power was computed as P55 = UrVout
where Uy, denotes the average measured inductor current, and
Vout is the average measured converter output voltage. Figure
9 shows the measured power losses. There are a few trends to
note. In the top plot (corresponding to u = 0A), we see that
the power losses roughly increase as a quadratic function of
Vout, With some static offset loss. In addition, as w is increased
the data are shifted upward due to increased conduction loss. It
is important to note that gating losses are not captured in this
data, as the gate driver circuitry was powered by the bipolar
415V supply. However, the gate charge losses were measured
separately and found to be less than 0.2W in the worst case.

A least-squares regression was used to fit parameters for the
following model

2

Pioss = “2 + u®Ry +u?Ryp, + Py

Ry

where Iz, represents an effective “parallel” resistance and P
is static power loss term. The identified parameter estimates
are R, = 53460, R, = 10.96Q, R, = 0.0659, and
150 = 0.155W. We note that the identified Rt and RL match
very closely with the nominal combined transducer/inverter
MOSFET resistance and combined inductor/converter MOS-
FET resistance. As shown in Figure 9, the model captures the

general trends of the loss behavior relatively well.

(65)

C. Storage Capacitor

A Kemet ALS70A104NS100 aluminum electrolytic capac-
itor, with a nominal capacitance of 0.1 F, was chosen as the
energy storage subsystem. This capacitor was partly selected
due to its low ESR. The capacitor has a voltage rating of
100V, permitting energy storage up to approximately 500J. A
Kemet PYR7511-10 bleeder resistor with a nominal resistance
of 10k2 and power rating of 13W was secured across the
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Fig. 9. Comparison of measured and modeled parasitic losses for different
transducer current conditions: v = 0 A (top); v = 0.612 A (middle); and
u = 0.866 A (bottom)

capacitor terminals. This was added for safety purposes to
ensure the capacitor is discharged when the system is not
in operation. The resistance was measured using a digital
multimeter and determined to be RS = 9.97k().

An estimate of leakage time constant 75 was determined by
charging the capacitor to a constant voltage of 50V using a
DC power supply, and then disconnecting the terminals from
the supply. The capacitor voltage was then measured as it
decayed. Using this data, we estimated the time constant to
be 7, = 988.4s. Using the identified ﬁs and 7, parameters,
we compute an estimate of C, = 0.0991F for the capacitance.

Several components contribute to the capacitor series resis-
tance R,. First, the capacitor has a nominal ESR of 8m(2. In
addition, the capacitor is connected to the DC-DC converter
via 2 feet of AWGI16 stranded wire, which contributes another
8m() of resistance. Finally, the terminal block connector on
the PCB contributes approximately Sm§2 of resistance, per its
datasheet. Thus, the total series resistance is estimated to be
R, = 0.0219Q, implying a power transmission time constant
of 7, = 0.0021s.

D. Summary of Loss Parameters

In the previous section, we estimated storage capacitor pa-
rameters C‘S, R57 and RT. These estimates did not consider the
effect of additional parasitic losses introduced by the power-
electronic drives. Accordingly, in this section we modify these
estimates using drive loss model (65) to obtain the final loss
parameters for our prototype self-powered system. Clearly,



R, and Ry, are in series. As such, we can simply add them
together to obtain R, = 0.086€2 and 7. = 0.0085s. If we
assume that v, = vs, which is not unreasonable considering
that R, is relatively small, we can combine parallel resistances
Rp and R,, giving R, = 3480Q. This implies 7, = 344.9s.
Finally, we assume R = f%t = 10.969Q2. In summary, the
dissipative losses in our system are approximately

Py~ u’R+uiR, + vl + P (66)

We note that (66) is a slightly modified version of (1). A list
of the loss parameter values is provided in Table II.

IV. EXAMPLE PLANT

To demonstrate the capabilities of the control hardware
prototype described in the previous section, HiL. experiments
were conducted in which the prototype is used to control a
virtual vibrating structure as shown in Figure 10. The structure
is a two-mass LTI system with a tuned vibration absorber
(TVA) attached to my. Masses m and me are each 75000kg,
and without the TVA, the structure natural frequencies are
approximately 0.62Hz and 1.63Hz, with 1% modal damping
for each mode. The TVA mass mg is 3000kg, which is 2% of
m1+meo. The system is excited by stochastic base acceleration
disturbance . The natural frequency of the TVA was chosen
to be 1Hz, which corresponds to the center frequency of the
assumed disturbance model (which is described subsequently),
with a damping ratio of 0.1%.

The dynamics of this system are governed by the following
matrix differential equation

Myg + Crog + Kpqg = Fff - Mbi.fb 67)

where ¢ = [r1 w9 x3]7 is a vector of mass displacements
relative to the base, &, is the base acceleration, f is the
transducer force, 'y £ [0 —1 1]7, 12 [1 1 1], and

(75000 0 0

My=| 0 75000 0 |kg (68)
L0 0 3000
(12728 —4243 0

C,=|—4243 8523 —37.95| Ns/m (69)
| 0 3795 37.95
[ 6000000  —3000000 0

K, = | —3000000 3120000 —120000| N/m  (70)

0 —~120000 120000

Recalling that f is as in (18), we have (67) as

Myj+ Cog + Kpg = —Mpliy — Tg fosgn (T ¢q)
+T4h(p) (fom — #TFi— 2T7q) (7D

Then using (31) and rearranging terms, we obtain

(M, + h(p)HTTF) G+ (Co + h(p) 2T 4TT) ¢ + Kug
=T th(p)kyu — Tsfesgn (L) — Mpldy, (72)

which is nonlinear due to the efficiency function h(p) and the
Coulomb friction force.

To make controller synthesis analytically tractable, we as-
sume that the transducer is backdriven for the majority of the

il

Fig. 10. Illustration of 3-DOF vibratory system considered in HiL testing
and numerical simulations

TABLE II
PROTOTYPE SELF-POWERED SYSTEM LOSS PARAMETERS

Parameter Value

Leakage time constant (7s) 3449 s
Transmission time constant (7,,)  0.0085 s
Resistance (R) 10.96
Capacitance (C5) 0.0991 F
Leakage resistance (Rs) 3480 2
Series resistance (R) 0.086 Q2
Static power loss (Fp) 0.155 W

dynamic response, resulting in p < 0 (i.e., negative mechanical
power delivered to the ballscrew nut) for most ¢. As such,
for the purposes of control design, the function h(p) can be
approximated by 1/n for all ¢, which simplifies (72) to

Mg+ Cq+ Kpq =T skyu — g fesgn (T 4q) — Myl (73)

where the linearized mass and damping matrices are

M2 My + 25T,TF, C2Cy+ BT, (74)
In state-space form, (73) becomes
%xp = Apxp + Bpuu + Fpsgn(T'pyxp) + Bpww (75)

where z,, = [¢” qT]T

L[ 0 I L[ 0
Ap—[_M—le —M—lé}’ Bw—[z\z—lrfku] (76)

and w £ &, and

s 0 s 0
B ® |yt B ® iy )

I, 20 T7]

(77)

(78)

where 0 denotes an appropriately sized matrix of zeros. The
colocated voltage output is v = Cp,x;,, Where

Cpo 2 kuTpo (79)

We note that (75) is still nonlinear due to the Coulomb friction
force. in Section V-B we employ stochastic linearization [28]
to accommodate this nonlinearity in control design.

We model the base acceleration as the output of a second-
order filter with state-space representation

d _
W:{ i tw =

w =

Auxyw + Bun

Cooy (80)

where n is a zero-mean, stationary white noise process with
unit spectral intensity, x,, is the filter state vector, and

0 1 0
'Aw é b B'LU é
|:_w12u _ZCquj] |:0'w:|

Cw £ [UJ?U 2Cw ww]

81

(82)
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Fig. 11. Power spectral density of base acceleration disturbance

We assume a natural frequency of w,, = 27 rad/s, a damping
ratio of (,, = 0.5, and an intensity of o, = 0.01m/s%. As
shown in Figure 11, the disturbance spectrum has a low quality
factor and is centered at the natural frequency of the TVA.

We augment plant model (75) and disturbance model (80)
to obtain the nonlinear, state-space model

%x = Ax + Byu+ Fsgn(T'yx) + Byn
S: v= Cyx
C,x+ D,,u

z =

(83)

where the composite state vector z £ [z zT]7, 2 is a vector
of performance outputs, and the various parameter matrices

are appropriately defined.

V. CONTROLLER DESIGN

In this section, we describe the design of self-powered
feedback controllers which were evaluated via HiL testing.
The controller performance is benchmarked by comparing
to optimal static damping. To account for uncertainty in the
estimated self-powered system loss parameters given in Table
II, we conservatively use R =119, 7, = 275s, and 7. = 0.01s
for the purposes of controller synthesis. Also, we note that
the sufficient feasibility conditions derived in [19] and the
design methodologies we employ herein do not account for
the static power loss term Fp in (66). Indeed, the design
methodology outlined in this section neglects the effect of
static parasitic losses. This simplification is justified by the
small value identified for P, in the previous section, and also
by the fact that upon experimental implementation and testing,
it was found that controllers designed under this simplifying
assumption remained feasible and performed as expected.

A. Performance objective

We seek to minimize the mean-square performance objec-
tive J, defined as

J & S{ZTz} = 5{xTQx+uTMu+2xTNu} (84)
where £{-} denotes expectation in stationarity and Q =
crec,, M2 DL D,,, and N2 CTD,,.

For performance outputs z we select the absolute accelera-
tions of masses m; and ms and the transducer current u with
the following weightings

-abs

2 = #3958, 29 = B9%% 23 = 0.0286w. (85)

B. Stochastic linearization of transducer dynamics

To facilitate controller design, we linearize S, as defined in
(83) above. We presume the following LTI, colocated feedback
mapping Y : v — —u is imposed

|

We assume that, in closed-loop, the augmented state vector

= Ayzy + Byv
=Cyzy + Dyv

d
@ty
—Uu

(86)

v=[z" a:}T,]T (87)

has a probability distribution ¢(v) that can be approximated
as Gaussian with zero mean and stationary covariance matrix
Y =&{wT}, ie.,

p(v) = (88)

1 1
—————¢exp {I/TZV}
V(2m) det B 2
and then find the value of ¥ that enforces the weak stationarity
condition

4e{w’} =0 (89)

It can be shown (see [24] for details) that this results in the
solution to the nonlinear, Lyapunov-like equation

Aq(2)2 +SAL(2) + BuBT, =0 (90)
where
A Aeq(z) - BuDYC'U _BuCY _ Bn
ACl(Z) = By C, Ay , Bpa = 0
1)
and where
2 FT
A (D) = A+ - ——— (92)
A(2) s
We then have the stochastically-linearized model
%IIJ = Aeq(z)x + Buu + Bnn
Seq : v =Cyx (93)
z =CLx

We emphasize that S, implicitly depends on the imposed
feedback law Y given the relationship between A., and X.
Thus, an iterative technique is required to design Y.

C. Optimized static damping
We first design a controller of the form

U = —Cqu 94)

where ¢4 > 0 is a constant scalar parameter. Feedback law
(94) is analogous to imposing a synthetic resistance across
the terminals of the transducer. It may also be viewed as
approximately equivalent to the imposition of synthetic me-
chanical viscous damping, since v and v are proportional to
the transducer force and colocated velocity, respectively. We
seek to optimize the damping coefficient ¢4 such that J is
minimized. It is straightforward to show that the closed-loop
performance is

J = tr{C.qXCL} (95)

where again X is the solution to equation (90) with A, (X) =
(Aeq(X) — BycaCy) and Cp = C, — DycqC.



The optimization problem is defined as

Given: Seq
Minimize: 95) - (96)
Over: cqa €0, R7Y]

which can be solved easily. We note the domain constraint in
(96) is equivalent to sufficient condition (14). As previously
stated, since S, is a function of X, which in turn depends
on cg, it is necessary to iteratively solve (96). As such, we
propose the following simple procedure to optimize ¢y for the
stochastically-linearized system model:

Step 0. Set A., = A, and solve (96) to get initial c,.
Step 1. Assemble A, as in (91) and compute ¥ by
solving equation (90).

Step 2. Compute A.,(3) via (92).

Step 3. Re-solve (96) for the updated S, to obtain new
cq. Return to Step 1.

Steps 1-3 are repeated until performance measure J has
converged. Following this procedure converges to ¢ =
0.06722Q 7! with J(c}) = 0.0243.

D. LTI SPSA

Next, we design an LTI SPSA controller using the method-
ology proposed by the authors in [22]. The method consists
of two phases. First, a passive LTI feedback law C : v — —u
is designed such that J is minimized. This involves solving a
nonconvex, but tractable, optimization. Then, a self-powered
feasible controller is obtained by projecting C' onto the set
Y1 (R, 7s, 7). To be more specific, we find the LTI SPSA
Y that best approximates C' using ||(Y (s) — C(5)) Puy(s)]]2
as the error metric, where Puv(s) is the transfer function
for the open-loop plant mapping v ~— v. This projection
is conservatively formulated as a convex optimization. Due
to space constraints, we do not fully describe the method
here, but instead direct the reader to [22] for more details.
An iterative procedure, analogous to the one described in
the previous section, was used to account for the effect
of Coulomb friction. Figure 12 shows a Bode plot of the
resulting SPSA, along with the optimal static damping gain.
The analytical closed-loop performance with Y imposed is
J(Y) = 0.0200, which constitutes about an 18% improvement
in performance relative to optimal static damping.

E. Nonlinear performance-guaranteed controller

Finally, we design a nonlinear self-powered controller using
a methodology known as Performance-Guaranteed Control
(PGCO) [20], [22], [29]-[32]. Although sub-optimal, the PGC
technique has the advantage of guaranteeing to improve upon
the performance of the LTI SPSA designed in the previous
section, while ensuring self-powered feasibility. We first recall
a theorem from [22] that shows how a time-invariant Z, matrix
and LTI system G that is equivalent with a given LTT SPSA
Y may be derived.

Theorem 3 ([22]): Let Y with realization (86) and matrices
P and X satisfy the conditions of Corollary 1. Then an

Magnitude (dB)
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Fig. 12. Bode plot of LTI SPSA controller and optimal static damping

equivalent representation of Y, as in Figure 2, in which G
is characterized by (9), is given by

Ag =Ay + P7X, Bo =V ' PTluvw'/2y

Co =V 'WTu2uT, 7z, =Dy

Zho =/T,Cy UV, 7y = — /7 VvIu—2uT pBy
Zyy =7, VTUVPUTXUG PV

where UWUT is the singular value decomposition of positive
definite matrix P and V is any unitary matrix (i.e., VV7T = I).

Next, we define augmented state vector z = [z xL]”

£ [z
e
output vector o7 £ [T rT]T, input vector a! £ [uT ¢7]7,

and state space parameter matrices
< |Aeg O = |By, 0 = B,
S Y B A B ]

[l

97
- C, 0 5
.-G &) e-lee 0. bu-ipa o
(98)

It follows that with the LTI SPSA Y feedback law imposed,
the closed-loop system has state-space realization
43 =(A-B,ZyC,) T+ Byn
2= (C. — D ZoC,) 7

99)
(100)

where time-invariant matrices Zy, Ag, Bg,Cq are obtained
by applying the results of Theorem 3 to Y. It can be shown
that the closed-loop performance of the LTI SPSA Y is

J(Y)=tr{B'PyB,} (101)
where matrix Py is the solution to the Lyapunov equation
(A= B,ZoCy)" Py + Py (A= B,ZC.) + Q
+CTzrM2z0C, — CTZENT — NZyCy =0 (102)
with Q, M, N defined as
{Q 0], i - {M 0], N & {N 0] (103)

QO
>

0 0 0 0 0 0



We now formulate a nonlinear, full-state feedback control
law K : z — u, in which a convex optimization problem
is solved in real-time. The below controller was originally
proposed in [22], and was proven to result in performance
J(K) < J(Y) while ensuring self-powered feasibility.

Given : z(t), Py
_ Minimize : J
aft) = Sgl Over : R
Subj. to:  al(t)Wa(t) +zT (t)CLu(t) <0
R - - B (104)
where J £ 34" Mii + 27 (t) (Py By + N) .

Note that M > 0 and W > 0, implying that (104) is
convex. Next, we show that the optimization in (104) can
actually be reduced to a root solving problem via application
of the Karush-Kuhn-Tucker (KKT) conditions. Without loss
of generality, we assume that Z is not in the nullspace of
matrix C, (ie., C,% £ 0). If C,z = 0, then clearly the

only feasible solution to (104) is u = 0. We formulate the
Lagrangian function

£ ) = &7 (Py B+ N) i+ i Mi
+p (@ Wa+z"Cla) (105)

where p is the scalar dual variable associated with inequality
constraint (111). We compute the gradient of (105) with
respect to % to obtain

Vil =" (PyB,+ N)+u" M+ p (20" W+ z"CY)
(106)
Next, we show that Slater’s condition [33] holds. Let v; denote
a nonzero component of the vector C,z, let W;; denote the
corresponding diagonal entry of matrix W, and choose @ =
— (aw;/Wy;) e; where « is a real scalar and e; is a standard
basis vector. Constraint (111) is then reduced to

(o2 — a) (J/)Q <0

which clearly holds strictly for any o € (0,1). As such,
there always exists a @ which is strictly feasible and hence
Slater’s condition is satisfied. Since optimization (104) is
convex and Slater’s condition holds, the KKT conditions are
both necessary and sufficient for optimality. Thus any pair
(@, p) are primal and dual optimal if and only if the following
conditions hold:

(107)

V:L=0 (108)
p=>0 (109)
p(@"Wa+z"Clu) =0 (110)
W'Wu+zTCTu <0 (111)

Solving (108) for % yields
u=—-KpagcT (112)

where Kpgo 2 (M +2uW) " (BLPy + NT 4 uC,).
Next, we note that constraint (111) must always be active
G.e., @'Wu + a*Cyz = 0). If this were not true, then
complementary slackness condition (110) would require that

@ = 0. This would imply that the magnitude of some
components of % could be made arbitrarily large (such that J
becomes arbitrarily small) without violating (108), as matrix
M is singular. However, this is turn would clearly lead to a
violation of (111) since W is positive definite. Accordingly,
we substitute (112) into @’ Wu + 4 C,Z = 0 and obtain

fTKgGCWKpgcf — i‘TC'UTKPGcf =0 (113)

Given a specific Z, the previous expression is a polynomial
function of pu (since Kpgc is a function of u). Because
the KKT conditions are necessary, there is guaranteed to
exist a positive real root of (113) which corresponds to the
optimal dual variable p*, which can be computed via a
standard root-finding algorithm. This result is useful for real-
time implementation of nonlinear feedback controller (104),
as solving for the roots of polynomial equations can be done
extremely efficiently.

Specifically, in our HiL. experiment, u* was computed in
real-time at a frequency of 5S00Hz on the dSpace DS1103
board using a bisection algorithm with a finite number of
iterations. Then p* was substituted into (112) to obtain the
optimal augmented control input «*. We note that control law
(104) requires knowledge of the full system state, including
the disturbance model states. However, we assume that the
base acceleration can be measured with negligible noise. As
such it is possible to use an open-loop, reduced order observer
to exactly obtain the disturbance states. This is explained
subsequently. We first apply a coordinate transformation to
W to obtain

A, —TAT ' — [ , (114)

0 1

By =TB, = FC‘”‘S“J%} , Co=C,T =11 0

(115)
where T' = O(Ay, Cy) is the observability matrix associated
with {A4,,Cy} and the state vector in the new coordinates
is given by z,, = T'z,,. Clearly, if w can be measured with
negligible noise, then we have access to the state variable T, 1
immediately given the form of C,,. It is straightforward to
show (see e.g., [34]) that the second state variable can be
estimated using an observer of the form

(116)

d 2 2 2 ~
w2 = _2<wwwxw,2 — Wy Tw,1

In addition, the estimation error Z,, 2 — i‘w72 converges expo-
nentially to O at a rate of —2(,,w,,, which in our case is equal
to 2m. The disturbance states in the original coordinate system
are then obtained via the inverse transformation x,, = T~ '%,,.
Finally, we assume it is possible to measure the transducer
force f directly with negligible noise. We can then estimate
the plant states exactly using a Luenberger observer [35] of

the form
43, = Apdp+ By f+ Bpow+ Ly, (v—19)

e (117)

where
0 I 0

Ay & _ _ ., Byy& |~
’ *Mb 1Kb *Mb 1CJ »f [Mb 11ﬂf

} (118)



Measured force

| dSpace DS1103 - 1

| 1

] ) Power Storage
| AlCOntLOI Gl i+ Electronic [Measured currentCapacito
i [Disturbancg gorithms ' | Drives |

1| Model |

| I

i l Desired : !

1 TVA Commanded Measured

1 displ displacemen i {

} | ibratory| displacemen| Feedforward| disp! t Actuator | disPlacement 1 ce

| System Compensato

|

|

|

|

|

|

|

!
!
!
1
! .

Restoring force
; Load cell |<7| 9
4

Fig. 13. Simplified HiL testing block diagram

and the observer gain L, is designed to obtain a desired error
convergence rate.

It is not possible to analytically quantify the performance
improvement provided by the nonlinear self-powered con-
troller. Thus we only can only determine J in this case via
HiL experiment or numerical simulation.

VI. HIL EXPERIMENTAL SETUP

All of the three controllers described above were imple-
mented and validated via HiL testing. Hil testing is an
experimental method that interfaces numerical models with
physical system components in real time. In the civil engi-
neering literature HiL testing is known as real-time hybrid
simulation [36], and has been used extensively to study the
performance of both structural control devices (e.g., [37], [38])
and vibratory energy harvesting technologies (e.g., [39]-[41]).
A simplified block diagram of the HiL scheme used in this
research is shown in Figure 13.

The plant dynamics given in (67), and all dynamic systems
associated with the control laws (i.e., Y, G, W, and the
observers) were discretized using using Tustin’s method. The
discrete-time dynamics were simulated in Simulink on a
dSpace DS1103 rapid prototyping board at a time step of
0.5ms. The control algorithms for the power-electronic drives
were executed at a faster rate of 10kHz, with measurement
sampling synchronized with PWM switching to prevent signal
corruption. Each HiLL experiment lasted 10 minutes and data
was recorded every 0.2ms.

The physical testbed is shown in Figure 14. It is comprised
of a 50cm stroke, 30kN electromechanical linear actuator,
which consists of a Exlar planetary roller screw coupled
to a 20kW Lenze induction motor. The actuator position
is controlled using a Lenze drive, which is interfaced with
the dSpace DS1103 unit via the CAN protocol. The drive
controller is highly configurable, with nested position, ve-
locity, and current feedback loops. In addition, we employ a
model-based, feed-forward compensator [42] to further reduce
position-tracking errors. In this approach, the desired actuator
displacement is passed through a pre-compensator which ap-
proximates an inverse model of the actuator dynamics. The
compensated command is then sent to the Lenze drive. The
transducer is attached to the actuator via a clevis connection,
as shown in Figure 14. An Interface Model 1210 load cell is
used to measure the transducer force, and an Analog Devices
AD2S1205 resolver-to-digital converter chip is used to inter-

Fig. 14. Experimental testbed

TABLE III
CLOSED-LOOP PERFORMANCE J RESULTS (WITH PERCENT IMPROVEMENT
RELATIVE TO OPTIMAL STATIC DAMPING PROVIDED IN PARENTHESES)

Case [ Opt. damp. | LTI SPSA | Nonlin. PGC
Analytical 0.0243 0.0200 (17.7%) -

HiL 0.0243 0.0204 (16.0%) | 0.0191 (21.4%)
Validation sim. 0.0237 0.0202 (14.8%) | 0.0190 (19.8%)
Long sim. 0.0240 0.0198 (17.5%) | 0.0187 (22.1%)

face the transducer position/velocity measurements with the
dSpace DS1103 board.

VII. RESULTS

Controller performance results are collected in Table III.
The performance estimates obtained via HiL. matched very
closely with the analytically predicted performance for the
optimal static damping and SPSA controllers. In addition,
the nonlinear PGC controller provided more than a 21%
performance improvement over optimal static damping.

Tables IV and V report data on the mean-square absolute ac-
celerations with the different control laws imposed. We obtain
almost a 24% improvement in the mean-square acceleration of
my and a 22% improvement in the mean-square acceleration
of mo, with the nonlinear PGC controller. This reduction in
accelerations is also apparent in Figures 15 and 16. Conversely,
the mean-square transducer currents significantly increased for
the SPSA and nonlinear PGC controllers, as indicated in Table
VI. This is also evident in Figure 17.

TABLE IV
CLOSED-LOOP MEAN-SQUARE MASS m1 ABS. ACCELERATION £{2%} IN
UNITS OF (m/s2)? (WITH PERCENT IMPROVEMENT RELATIVE TO
OPTIMAL STATIC DAMPING PROVIDED IN PARENTHESES)

Case [ Opt. damp. | LTISPSA | Nonlin. PGC

Analytical 0.00715 ] 0.00587 (17.9%) -

HiL 0.00713 | 0.00600 (15.8%) | 0.00544 (23.7%)

Validation sim. | 0.00703 | 0.00598 (14.9%) | 0.00543 (22.8%)

Long sim. 0.00709 | 0.00584 (17.6%) | 0.00533 (24.8%)
TABLE V

CLOSED-LOOP MEAN-SQUARE MASS mg ABS. ACCELERATION £{22} IN
UNITS OF (m/s2)2 (WITH PERCENT IMPROVEMENT RELATIVE TO
OPTIMAL STATIC DAMPING PROVIDED IN PARENTHESES)

Case [ Opt. damp. | LTI SPSA | Nonlin. PGC
Analytical 0.0170 0.0138 (18.8%) -

HiL 0.0170 0.0141 (17.1%) | 0.0133 (21.8%)
Validation sim. 0.0166 0.0140 (15.7%) | 0.0132 (20.5%)
Long sim. 0.0167 0.0137 (18.0%) | 0.0130 (22.2%)




TABLE VI
CLOSED-LOOP MEAN-SQUARE TRANSDUCER CURRENT &£{u?} IN UNITS
OF A2 (WITH PERCENT IMPROVEMENT RELATIVE TO OPTIMAL STATIC
DAMPING PROVIDED IN PARENTHESES)

Case | Opt. damp. | LTI SPSA | Nonlin. PGC
Analytical 0.140 0.230 (-64.3%) -
HiL 0.131 0.228 (-74.0%) | 0.269 (-105%)
Validation sim. 0.137 0.224 (-63.5%) | 0.263 (-92.0%)
Long sim. 0.139 0.219 (-57.6%) | 0.259 (-86.3%)
N%
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Fig. 15. Absolute acceleration data obtained from HiL experiments: mass
m (top) and mass ma (bottom)

One explanation for the improved performance provided by
the SPSA and nonlinear PGC controllers is that they allow for
bidirectional electrical power flows, while the static damping
controller obviously does not. This is most clearly illustrated
in Figure 18. These plots show the DC-DC converter output
power, where negative P,,; implies power flowing into the
storage capacitor. We see significantly larger power flows
going from static damping to the SPSA, and again from
the SPSA to the nonlinear controller. Furthermore, Figure 18
shows that there are occasional positive mechanical transducer
power flows, implying energy injection into the plant. We note
that Py,c.n, Was calculated as Pp,ecp, = fo:. We also observe
that there was significantly less energy accumulated in the
capacitor with the nonlinear PGC controller imposed than in
the other two cases, as shown in Figure 19. It could be argued
that this controller makes better use of the recycled energy.

As shown in Figure 20, good tracking was maintained
between the reference and measured ig and v,k signals,
indicating that the power-electronic control design approach
worked as desired.

Finally, we conducted fully numerical simulations to val-
idate the HiL results and our transducer model (18). We
simulated the dynamic response of the full nonlinear system
(72) in Simulink using the same 600s disturbance time history
from the HiL. experiments. We assumed instantaneous tracking
of the current commands produced by the self-powered control
laws (i.e., we did not simulate the DC link dynamics, the PWM
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Fig. 16. Representative portion of absolute acceleration data obtained from
HiL experiments: mass m1 (top) and mass mg (bottom)

1500 -

Nonlin. PGC

LTI SPSA —— Opt. damp.

1000

500

105 110 115 120 125
Time (s)

Fig. 17. Representative portion of transducer force (top) and quadrature-axis
current (bottom) data obtained from HiL experiments
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Fig. 18. Representative portion of measured DC-DC converter output elec-
trical power (top) and transducer mechanical power (bottom) from each HiL
experiment



Fig. 19. Evolution of stored energy during each HiLL experiment
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Fig. 20. Comparison of reference and measured quadrature-axis current
signals (top) and DC link voltage signals (bottom) during HiLL experiment
with nonlinear PGC controller

switching of the power electronic drives, nor the dynamics of
the low-level PI tracking loops). Figure 21 contains a variety
of data comparing the HiLL with the simulation results cor-
responding to the nonlinear self-powered feedback controller
over a representative time-span. There was consistently very
good agreement between all signals, confirming the validity
of using (18) to model the transducer’s mechanical dynamics.
Although not shown here, we also found excellent agreement
between the experimental and simulated time histories for the
optimal static damping and SPSA controllers. We subsequently
performed additional simulations for the much longer time
span of 6000s to obtain more accurate performance estimates.
The performance data obtained from these simulations are
reported in Tables III through VI.

VIII. CONCLUSION

This article has detailed the design, construction, and experi-
mental validation of a prototype self-powered vibration control
system. We designed both linear and nonlinear self-powered
feedback laws using a theoretical framework previously devel-
oped by the authors. The experimental results validated this
framework and the functionality of our prototype system.

There is much future research to be done in the area of
self-powered systems. For example, the theory utilized herein
assumes a rather simplistic parasitic loss model and it could
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Fig. 21. Representative portion of transducer displacement (top); force
(middle); and quadrature-axis current (bottom) data from HiL experiment and
corresponding numerical simulation for nonlinear PGC controller

be extended to accommodate more realistic loss models (e.g.,
accounting for apparent static power loss). The methodology
used for the DC-DC power converter controller design was
heuristic, and while it performed well, a more systematic
approach incorporating robust or nonlinear control techniques
could be developed. Finally, our HiL. experimental validation
only involved one transducer. Future experiments could be
conducted in which there are several transducers connected
to a common energy storage system. Such a demonstration of
power-sharing between transducers would fully illustrate the
capabilities of self-powered vibration control systems.
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